Lieanders are special cases of meanders and first appeared in connection with Lie algebras. Using the results from [DGZZ-b] we prove a polynomial asymptotics as n → ∞ for the sequences L k + ,k − n n counting lieanders with n arches and compositions of sizes k + and k − .
Lieanders
Meanders are combinatorial configurations of pairs of curves on the sphere. According to [LZ93] the notion of meander was suggested by V. I. Arnold [Ar] though meanders were studied already by H. Poincaré [Po12] . They are an object of particular interest in statistical physics and the main conjecture concerning their asymptotics is widely open [FGG96, FGG97-a, FGG97-b, FGG00]. We are interested in a special kind of meanders that appeared in the context of Lie algebras (see Degarchev and Kirillov [DK] based on some unpublished work of A. G. Elashvili and M. Jibladze [EJ] ) that we call lieanders 1 .
A composition of a non-negative integer n is a sequence of positive integers with sum n. The length of the composition will be denoted k. The number of compositions of n of length k is n−1 k−1 . Given two compositions (c + , c − ) of the same integer n we consider an upward sequence of nested arches given by the composition c + and a downward sequence of nested arches given by the composition c − . Gluing together the pair of configurations of arches we obtain a multicurve crossing the horizontal line 2n times. See Figure 1 . Figure 1: The (3, 3)-lieander defined by the pair of compositions ((4, 2, 2), (2, 1, 5)).
1 The name "lieander" comes from [EJ] . Though what we call lieander in this note would be a lieander of index 1 in their terminology. A restricted class of lieanders are also called "birainbow meander" in [KL17] .
More formally, to a composition c = (c 1 , c 2 , . . . , c k ) of n we associate an involution without fixed point σ c on {1, 2, . . . , 2n}. We first split the segment {1, 2, . . . , 2n} into pieces of size 2 · c 1 , 2 · c 2 , . . . , 2 · c k as follows
. . .
Then σ c is defined as the involution without fixed point reversing the order on each I j . To construct the n arches from σ c , simply connect i to σ c (i). See Figure 2 . 
where δ 1 (k) is the real number
and
The number of pairs of compositions of size (k + , k − ) and sum not greater than x and of sizes (k + , k − ) has asymptotics the second term of the right-hand side of (1). Namely
In other words, δ 1 (k + + k − − 4) is the asymptotic density of the number of lieanders among the pairs of compositions of size (k + , k − ). The proof is an application of the work of the author with E. Goujard, P. Zograf and A. Zorich [DGZZ-b] and the number δ 1 (k) is related to one-cylinder square-tiled surfaces in the minimal strata of quadratic differential on the sphere Q(k, −1 k+4 ).
The constant δ 1 (k) is easily evaluated
and applying Stirling formula, it is easy to prove that
Hence, as k → ∞, we have 
Formulas and finer asymptotics for k
In this section we describe precisely the pairs of compositions which give rise to lieanders for the values (k + , k − ) with k + + k − ≤ 4. The condition involves gcd which is natural as they correspond, up to a canonical double cover, to discrete rotations. The corresponding counting formula involves the Euler totient function φ. Because in these situations the sequence (L k + ,k − n ) n is expicit, we obtain error terms in the asymptotics (1) of Theorem 1.
Lemma 3.
The following table provides necessary and sufficient conditions for a (k + , k − )-pair of compositions of length n to be a lieander
Such simple description of lieanders involving gcd do not exist for other k + , k − , see [KL17] .
Proof. These formulas already appeared in different places such as [KL17] . or [PR08] . We only sketch a short unfied proof via canonical double covering.
As we have done in the introduction, the pair of compositions give rise to two involutions without fixed points σ + , σ − on {1, 2, . . . , 2n} that exchange even and odd numbers. The orbits of σ + , σ − are in bijections with the connected components of the multicurve built from the pair of arches. These components are also in bijection with the cycles in the cyle decomposition of the product σ + σ − restricted to even numbers.
For (2, 1)-, (3, 1)-and (2, 2)-lieanders the product σ + σ − restricted to even numbers correspond to an interval exchange transformations of rotation type (i.e. that are either a rotation or an induced of rotations on 2 or 3 subintervals). The lengths of the subintervals of the interval exchange are easily expressed in terms of the parts of the compositions. Now, an interval exchange of rotation type is made of a single orbit if and only if the underlying rotation is primitive, i.e. corresponds to the addition x → x + m mod with m relatively prime to . From this remark it is easy to deduce the three formulas.
Corollary 4. We have
where φ(n) is the Euler totient function counting the number of positive integers smaller than n and relatively prime to n.
Since the asymptotics of the Euler φ function is well known (see e.g. [HW, Section 18.5]), we deduce the following corollary on asymptotics.
Corollary 5. As x → ∞ we have the following asymptotics
The main terms of the asymptotics match our Theorem 1 since δ 1 (−1) = δ 1 (0) = 6 π 2 .
Proof of the asymptotic in n (Theorem 1)
We follow the definitions and notations from [DGZZ-b] . Let us fix the sizes (k + , k − ) for our pairs of compositions. Contrarily to the count of meanders with fixed number of minimal arches as in [DGZZ-b] , the number of lieanders of fixed sizes is not easily expressed in terms of square-tiled surfaces. A pair of composition of sizes (k + , k − ) corresponds to a linear involution with generalized permutation
and integral lengths given by the compositions. The stratum of quadratic differentials of the generalized permutation (2) is the minimal stratum Q(k, −1 k+4 ) with k = k + +k − −4. The main result of [DGZZ-b] states that the asymptotic density that such integral linear involution is made of a single orbit exists and only depends on the stratum Q(k, −1 k+4 ). Moreover, the value of this asymptotic density is δ 1 (k) given by the formula
where cyl 1 (Q(k, −1 k+4 )) is the volume contribution of square-tiled surfaces in the stratum Q(k, −1 k+4 ) with one horizontal cylinder of height 1/2 and Vol 1 (Q 1 (k, −1 k+4 )) is the Masur-Veech volume of the unit hyperboloid Q 1 (k, −1 k+4 ) in the stratum (or equivalently the volume contribution of all square tiled surfaces). From [AEZ16] , the volume of the minimal strata on the sphere is given by
Which is the denominator in (3).
To compute the numerator in (3), we consider surfaces in Q(k, −1 k+4 ) which are made of a single horizontal cylinder. This stratum is particularly simple as there is a single one cylinder separatrix diagram that is obtained by putting two poles on one side, and the zeros and the other poles on the other side. The volume contribution can be computed in at least two ways. We can first use the formula for a given separatrix diagram 
An alternative computation is available in the very special case of a stratum of genus 0 thanks to [DGZZ-b] . We have
In the special case of interest to us we obtain
which coincides with our previous formula. Gathering (4) and (5) in Formula (3) we obtain
4 Some numbers for k
In the array below we gathered numbers 0  6  2  8  8  2  13  0  2  4  0  0  1  7  6  6  30  2  24  0  6  22  0  0  4  8  4  14  24  12  37  2  24  40  0  3 5 Empirical asymptotics for k
In this section we report on experiments regarding the squences (L k + ,k − n ) n with k + +k − = 5, that is (k + , k − ) ∈ {(4, 1), (3, 2)}. These sizes correspond to the stratum Q(1, −1 5 ) and the two experiments match our asymptotics from Theorem 1. 
. We also indicate the two limit values that are rational multiples of δ 1 (1) = 40 π 4 (red line).
Let us make three remarks about Figure 3 that are not explained by our proof of Theorem 1. First of all it seems that the convergence to the limit is from below. Secondly, one can notice some oscillations which indicates some sensitivity of L with 4 colours depending on the residue modulo 6 of n: orange for 0, green for 1 and 6, blue for 2 and 4, red for 3.
